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A series sotution is given for the differential equation describing tie transport of a reversibly reacting substance 
in an,infiiite rectangular cell. The concentration dependence af the constituent transport coefficients has been ap 
proximated by polynomials. Tire sohnion converges for short time (t < 1 h). Several features of the leading and 
trailing boundary of monomer-timer md monomer-dimer-timer systems are discussed. 

I. intioduction 

if a substance is subjected to sedimentation, elec- 
trophoresis or chromatography with frontal analysis, 
one usually observes a migrating Gaussian peak which 
in the ultracentrifuge is distorted due to boundary 
conditions and radial dilution. But if the substance 
undergoes a reversible monomer-polymer association 
the leading and trailing boundary in chromatography, 
the ascending and descending boundary in electro- 
phoresis and the boundary in the ultracentrifuge de- 
viate strongly from Gaussian behaviour: one boun- 
dary is hypersharp whereas the other exhibits bi- 

modality. Thii phenomenon has been clarified prin- 

cipally by Giibert [1,23. This author has solved the 
relevant differential equations, but because of the 
complexity of the equations he has neglected the dif- 

fusional spreading. The resulting boundary pattern 
holds for the asymptotic limit of infinite time be- 
cause the migration and the diffusion proceed with 
time t and fi, respectively. The results of Gilbert 
have been verified and extended by Bethune and 
colleagues [3.4] with a countercurrent distribution 
analog which includes diffusion. Other aspects of the 

probIem may be found in the Iiterature [5-71. 

in this paper we represent a solution which is 
valid for short times and for infinite rectangular cells. 
The advantages of this soliition are that both leading 

and trailing boundaries can be calculated, that it can 

be constructed from tabulated functions and that any 
kind of deviation from ideal behaviour, i.e. frictional 
coupling between the species and non-ideal thermo- 
dynamic terms, can be included. Furthermore, other 
types of reversibly reacting systems, for example the 
transport of a component in a helix-coil equilibrium, 
may also be treated. 

2- The differential equation and its solution 

Tiselius [S] has introduced the concept of the con- 
stituent velocity in a reversibly reacting system. It is 
a weig,hted-average velocity, taken over all species i = 

1,2, . . . n participating in the reaction. With this con- 

cept the transport equations (in one direction x) for 
all species 

k, 

Ji = -D- - i I.?&, c ax i= 1,2 , . ..n. 

are equivalent to one equation for the constituent 

[5-71: 

J=_Dg*w, 

where 



c J 

D = C oi aqa~ /(adax) . c 1 

(3) 

(4) 

(5) 

Here we have used the notation Ji = diffusion current 
density of species i, Di = diffusion coefficient of 
species i, Ui = migration vciocity of species i, ci = con- 
centration (density) of species i, in mass/volume; and 
likewise the symbols without subscript for the con- 
stituent_ 

Inasmuch as the concentrations of the species are 
given by a mass-action law ci = Ci(Ki, c), the trans- 
port coefficients D(c) and u(c) of the constituent 
are functions of the constituent concentration c. 
These functions can be calculated if the equilibrium 
constants Ki and the species coefficients D,- and vi 
are given. 

it is shown in the appendix that for a reversibly 
polymerising system D can be simplified to 

D = c iDfci/&i , (6) 

which is a limiting form of a more compIex expression 
derivable from the theory of irreversible thermody- 
namics [9]_ 

Combining eq. (2) with the continuity equation we 
obtain 

;_ (7) 

This is the starting equation for our solution. It is 
quite general and is applicable in a rectangular cell to 
many kinds of transport measurements, for example 
sedimentation, electrophoresis and chromatography, 
by giving v(c) its appropriate meaning. 

The solution is sought for an infinite cell. This 
avoids more complicated boundary conditions. The 
initial boundary condition states that at zero time two 
solutions with different concentrations are separated 
by a sharp boundary: 

c=cA’ -<x<o 
I t=o. 

c=c B’ 
0 <x-C+-- 

The concentration jump is 

(8) 

Ac=cg - CB’ (9) 
and the average concentration is 

F = $(c, f Ch). (10) 

By giving CA and cB SpeCid ViitUeS this includes lead- 
ing and trailing boundaries in the usual sense as well 
as differentiaf boundaries. 

At the infinite ends of the cell the following boun- 
dary conditions prevail: 

c=cA, x-- 
, t>o. (II) 

c=cg, x---,+00 

Following a procedure which has been used by Gost- 
ing and Fujita [IO] in solving Ficks law for concentra- 
tion-dependent diffusion, the two transport coeffi- 
cients D(c) and v(c) are developed into a truncated 
Taylor series: 

D(c) = b {I ++c-~) f k&-r)* 

+ k,(c-F)3 + k,(c-E)=q, (12) 

cu(c) = G {I +h&-c) “I-. . .th&-c)53_ (13) 

Likewise, the solution c(x, t) is approximated by a 
Taylor series: 

C(X,t)=C+4dCfO(x,f)f(~ac)2fi(X,t)f~-~ _ (14) 

With the help of eqs. (12) (13) and (14), the differen- 
tial equation (7) splits up into a series of differential 
equations which can be solved successively, The w- 
suit is [ll]: 

%p = #‘&.. 
4 

(15) 

The functions cpi<z) are tabulated [ 1 I] ; they depend 
only on a reduced variable z, 

z=(x-iHQr)/2JS , 06) 

which is the Boltzmarm variable x/2fi for diffusion 
in a coordinate system moving with constant velocity 
132 t along the x-axis. The fisst term ~O(z)o@o in eq. 
(I 5) is the well-known error-finrction expression 



ciQj=L qJ=u 

showing that in a transport experiment with suffi- 
ciently small 4c one observes Gaussian behaviour. 

The functions I$#) with 6 = fiF I./@ are grow- 
ing with time. They are responsibie for the fact that 
for t + 00 the solution (I 5) becomes meaningless. 
The coefficients ai are known for given Taylor series 
coefficients i$ and S_ Additional details aloug with 
tables for the pi, Qi and OQ are published elsewhere 
[III- 

if the migration G ls zero. eq. (15) reduces to 

2 = 4245 

which is an extended form of the Costing-Fujita 
[ 101 soiutlon for con~entrationdepende~t diffusion. 

To calculate &$3x for 2 given time as a function of 
x one proceeds as folIows: from a model for the re- 
action to be studied and the model properties of the 
species - i.e., with Ki, D, Vi - one determines the co- 
efficients kp frp is, B of eqs. (12) and (13), using eqs. 
Q), (4) and (5). From this and the tabulated functions 
a gradient ac(z, r)@x can be calculated and trans- 
formed into Zkfx, tlfax with the help of eq. (16). 

it should be pointed out that Di and Vi need not be 
constants. Thus, one may introduce a frictional cou- 
pling by either 

or l$=v~{1 -WI, 

and Di=D;{l -ml, 

W) 

where 12 is a constant. This Changes only the values of 
E@, B, $zP hr It is obvious that other deviations may be 
taken mto account, for example a ~e~odyn~c 
factor as a driving force in dlffuslon or activity coed- 
ficients in the mass-action law. 

3. Resdts aud discussion 

The foregoing treatment has been applied to the 
reversible polymerising wstems monomer-tier 
and monomer--dimer-trinter. The parameters Ki, 4 
and Vi have been chosen according to data on cr-chymo- 
trypsin [ 121 in an ultracentrihugal field. The rectangu- 
lar cell approximation of the IAmm equation is 

ac a 
z=ax t D$+J4)c , 

1 (19) 

where s is the constituent sedimentation coefficient, 
w the angular speed, x the distance from the rotor 
axis and X its average value. Comparison with eq. (7) 
yields 

E+) = s(c) (w%)_ (20) 

We have taken 

w% = 2.5 x to3 cm * s-2. 

The sedimentation coefficients sf and dil’fusion caef 
ficients 0: of the species (subscripts M, D, ‘I’ for mono- 
mers, chimers, trimers) at infinite dilutioa were calcu- 
lated according to the model of an equivalent sphere: 

r&Is; = (5 P3 t (s&/s;) = (5)2’3, 

D$%; = RTg&fifl -pv), 

0 i.e. sM = 2.4 S, SOD =3.81 S, s; = 5 s, (21) 

Off = 9.58 X IO-‘, Di = 7.60 X10+ 

D; = 6.64 X IO-7 cm2 - s-l _ 

This compares favourably with literature vahres 
[i2-141. 

In the monomer-trimer case the constituent trans- 
port coefficients are 

D(c) = 
D$!&t f 3 $CT 

Chf I- 3 CT (1 - W). (23) 

Together with 

KS = c&/c= (24) 
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Fig. 1. Influence of a concentration dependence of the dif- 
fusion coefficient for a monomer-trimer reaction boundary; 
K~=S0g=.Y-2,~=4g-Q-‘, t = 2700 s. (A) leading bound- 
ay, (II) trail@ boundary,(a) D = coast. (6) D = 
D {1tk~tc-E~).(C)D=D~Ltk~~c-~+k~~C-C~~)_ 

they constitute the concentration dependence of the 

model. 
First we have checked how well eq. (13) fits the 

function s(c). Within the ranges 

o<c<5og~ 2-1, 

0<~<0.008 G!- g-l, 

which correspond to solutions existing from 100% 
monomer up to about lC% monomer, the. difference 

between the values of eqs. (22) and (13) is always 
less that 0.5% and in the average less than 0.1%. The 
same holds true for the monomer-dimer-trimer case. 
So it may be stated that the polynomial (13) has a 
sufficient number of terms to describe the constituent 

sedimentation coefficient. 
A fourth-order polynomial (12) for D(c) turned 

out to be more of a higher order than --as necessary. 
The influence of a difference between a lin;~!~ and 
parabolic approximation on the migrating patterns is 
nearly zero. This is illustrated in figs. 1 and 2 where 

Fig. 2. Same as t-xx. 1, except F = 22 g - Q-'_ 

we have plotted the leading and trailing boundary &z/ax 

versus x with constant, linearly and parabolically 
varying D . Fig. 1 refers to i5 = 4 g - Q-l and fig. 2 to 
F=22g*QB1,bothwithK3 =50g2*Q-2andfor 
t = 2700 s. If the solution has about equal amounts of 
monomer and trimer in the plateau region, fig. 1, a 
constant D would give a completely wrong pattern. 
This is in accord with expectation because both 
monomer and trimer contribute to the diffusional 
spreading, but with different diffusion coefficients 0:. 
On the other hand, in the case of fig. 2 with only 
20% monomers, the diffusion of the trimers dominates 
and so a constant D gives about the right answer. In 
general a parabolic D(c) is sufficient to account for the 
main features. 

After this discussion of the relevance of eqs. (12) 
and (13) we turn to the problem of the convergence 
of the series solution (15). It was already pointed out 
that because the functions $,@) increase with time t, 
there is an upper limit t,. above which the series fails 

* In this and the following examples the boundary conditions 
aIe:CA=O,AC=CB-CA=cg=~.WithAC<O,thtidescribeS 
a !ead@ boundary. where the substance migrates in the dE 
rer%~ of zero concentration. with Ac>0, on the contrxy, a 
CraiIiq boundary can be c&Mated. where the substance 
moves in the direction of the platew concentration S_ 
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Fig- 3. Ldhg <A) and trailing US) boundary for the rnanc~ 
mer-trimercase,Kj= 50g2-e-Z.~=23g.Q-1,~=g00. 

1800.2700.3600 s. 

to converge. This limit cannot be czdculated because 
of the complexity of the functions pi and fii- But 
fortunateIy it can be estimated by plotting the bound- 
aries for different times and having a look at the ri&t 
end of the leading boundary, fig. 3. This has an over- 
shoot with negative &z/ax which is impossible in thii 
model. So one would stop using this series if the 
overshoot becomes too great. It is more pronounced 
for higher values of n in nA * A,; it is less pro- 
nounced in those cases where intermediate polymeris- 
ing steps are included. For times t > t, and/or s$ > 
& the trailing boundary also exhibits meaningless de- 
viations. 

Another criterion for convergence may be the 
numerical calculation of the two moments mO and ml 

from @e boundaries. For c < tv they deviate no more 
than 4% from their theoretical values 

m,, = AC m l/m0 = ~(22;) (ti2F)_ 

This is of course not a sufficient criterion for conver- 

& ce but from this and the appearance of the over- 

Fig. 4. L%lding (A) and trailing (B) boundary for the monomer- 
trimer case. K3 = 50 p'-Q-' , t = 2700 s. In (B) the Gilbert 
i 1.21 sc;lWion has been included. (a) .?= 2 g-Q-‘, q,r = 0.81, 
(b) +?= 4 L-Q-‘. a&f = 0.65. (C) E = 8 g-Q-'. a&f = 0.46, (d) 
E = 16 g-Q_‘, ah[ = 0.3 1, (e) ? = 22 g-Q_‘, abt = 0.26. 

shoot we conclude that for t < t, = 2000-4030 s, 
depending on the model parameters chosen, the over- 
all accuracy is of the order of 1%. 

In fig. 4 the two boundaries are depicted for various 
concentrations, keeping KS constant, at a fiied time 
f = 2700 s, the trailing boundary together with its 
aymptotic limit of the Gilbert theory [1,21_ The dif- 
ferent concentrations cover a range of monomer frac- 
tions ~~31 = c&z from 81% to 26%. These patterns are 
principally in agreement with those of Bethune and col- 
leagues [3,4] and ffie conclusions drawn from these au- 
thors need not be reconsidered here. it should only be re- 
marked that for low plateau concentrations where the 
component is mainly in the form of monomers the bound- 
ary becomes Gaussian in shape and that the minimum 
is most clearly visible when monomers and trimers 
have about equal fractions. This becomes even clearer 
when looking at the gradients of the species achI/ax 
and &,/ax, fig. 5. Therefore, in the foIfowing dis- 
cussion of the influence of the model parameters with 
respect of the appearance of the minimum we in gen- 
eral choose 5 = 4 g!2-’ with aM w 0.46. 
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Fig. 5. The gradients of the total concentmtion (a). of the 
monomer (6) and tier (c). in a trailing boundary. K3 = 

50 &?-~t t = 2700 s, for different ~oncenkatiom: (A) 
S=lg-e , (B) Z = 8 g-n-‘, (C) .5 = 22 g-!2-‘. 

In fig. 6 the sedimentation coefficient, concentra- 
tion and time are kept constant whereas the diffusion 
coefficient has been assigned varying values. This 
variation reflects changes of the molecular weight of 
the monomer, see eq. (21). It is obvious that with in- 

Fig_ 6. influence of the diffusion coefficient on a monomer- 
trimer Wailing boundary; KB = 50 g2-ee2,_t = 2700 s, 2 = 
4 g-Q-‘. (a) a = 7.5 x 10-7 crn2-s-1, (b) D = 9.58 x 10-7 
IO-’ cm2 -s-‘, this is the appropriate v&m; (c) D = 12.5 
x 1o-7 cm2-s -I, (d) b = 15 x lo-’ cm*-s-r, (e) b = 
17.5 x 10-7 cma-s-r_ 

Fig. 7. Monomer-trimer trailiq boundary at three times: 
t = 1800 s. 2700 s. 3600 s. Curves (a) bold for g = 0, no cou- 
pling; curYes (b) describe a frictional coupling, n = 0.008 

Q-g:‘, Kj=50g2-Q-‘,c=4g.Q-‘. 

creasing diffusional spreading the minimum in &/ax 
disappears as one would expect it. 

If the sedimentation and diffusion coefficients of 
the species decrease IinearIy with total concentration?, 
eqs. (22) and (23) with g f 0, this turns out to have a 
profound effect on the reaction boundary, fig. 7: the 
appearance of the minirnum is delayed to longer times 
The reason for this is that s(c) with I_C = 0 increases 
faster with concentration than with p > 0. 

Along the same line of reasoning one can show that 
a change of the ratio s&/s: from its assumed value for 
equivalent spheres has a similar effect, fig. 8. 

It is also possible to study the infkence of an ac- 
tivity coefficient yi in the mass-action law: 

Kj = D~&3/r+ 

This would change the concentration dependence of 
the constituent sedimentation and diffusion coefficient, 
but less pronounced than the introduction of the fac- 
tor /L. 

In figs. 9 and 10 we show some results for the 
monomer-dirner-trimer case. The notation is 

K;’ &, K; = C&fC&T, K’2K; = Kj = comt. 

5 Other types of concentration dependence could be studied. 
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Fig. g_ hfonomer-trimer tr&g boundary. KS = 50 g’-Q-‘, 
f = 2700 5. s = 22 g-P . (a) &ID; according to eq. (2L), 
cb) s$ID$ increased by 2@.G, (c) STID? decreased by 2@%. 

The weight fractions q = c& of the different species 
in the plateau region are given in the legend. 

The transport coefficients s(c) and D(c) are calcu- 
lated with the numerical vaIues given in eq. (21) and 
p = 0 and the eqs. (4), (6) and (20). 

It is evident that with increasing fraction of dimer 
the minimum in the trailing boundary disappears, 
fig. 9, and the leading hypersharp boundary broadens. 
At high plateau concentrations with predominantly 
trimers the effect of the increasing dimer concentra- 
tion in the shoulder is small, fig. 10. A stationary 
point, like the one in fig- 9B, has been Found in other 
cases, but so far we are Enable to state the conditions 
for the appearance of such a point. 

4. c0nc1u50ns 

The mathematical solution presented in this paper 
allows us to calculate the concentration gradient in a 
leading and trailing boundary of a reversibly reacting 
component. The appearance of a miniium of a rever- 
sibly polymerizing substance is strongly dependent 
on the parameters chosen, i.e. time, ratio of the fric- 
tional coerkients of the species, concentration de- 
pendence of the species mobility, activity coeffkients. 

Other types of boundaries for reversibly reacting 
systems could be calculated, for example for systems 
exhibiting infinite open association like glutamate de- 
hydrogenase [15] or systems with concentration-de- 
pendent conformational transitions, where even dfl- 
fusion without migration may lead to bimodal be- 

Fig. 9. Monomer-dimer-trimer, r = 2700 s, Z = 4 g-Q-‘, 
K& = SO g’*Q-‘_ InfIuence of inckasing dimer fraction. 

(A) leading boundary, (B) trailing boundary. 

r;Cg.e-‘, K;C@.-‘, ahI aD aT 

(a) DJ 0 0.64 0 0.36 
cb‘) 50 1 0.66 0.06 0.32 
(c) 20 2.5 0.59 0.14 0.27 
id) IO 5 0.55 0.24 0.21 

Fig. 10. h¶onome_:-dimer-trimer. t = 2700 s, Z = 22 g-Q-‘. 
Kira = 50 gz-e _ 

r&-P) K;(g@) %f QD @T 

(a) d 0 0.26 0 0.74 
w SO 1 0.26 0.06 0.68 
Cc) 20 2.5 0.25 0.14 0.61 
Cd) 10 5 0.23 0.24 0.53 
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haviour [ 16 J. These will be treated in another paper. 
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Appendix A 

For the ith polymerisation step we write 

tative comparison of the results of the two different 
mathematical procedures is not possible, because of 
the radial dilution effect, but it is gratifying that the 
qualitative conchrsions are the same. The following 
points especially should be mentioned: (i) details of 
the concentration dependence of the diffusion coef- 
ficient D(c) do not show up in the gradient curves: in- 
stead it is sufficient to describe the overall decrease 
of D(c) by a linear or sOme similar function. (ii) The 
minimum in a bimodal gradient curve predicted by 
Gilbert’s asymptotic solution [ 1,2] may disappear, 
if with decreasing monomer molecular weight the dif- 
fusion coefficient is increasing, if the concentration of 
intermediate species is increasing, and if the frictionf 

ci = K,c& . 

Therefore 

The total concentration c is given by 

c=cci 

Hence 

(A.1) 
coupling is increasing. 
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